In this work, we present the simulation results of a passively Q-switched Nd: YVO 4 /Cr:YAG laser model with pump modulation for applications in laser stabilization control contemplating different harmonic regimes. We study in detail the complex dynamics by varying the values of two control parameters: pump power and external frequency. By using bifurcation diagrams, state diagrams, and basins of attraction we demonstrated the coexistence of multiple attractors (multistability) and the phase locking dependent regimes of the control parameters. Our results can be used to improve the control of stability (minimizing the deviation of amplitudes in the pulses and the repetition rate) of a real Q-switched laser.
Introduction
Stabilization of laser pulses in the field of applied passive Qswitching (PQS) lasers based on neodymium (Nd) crystals is the subject of extensive investigations [1] [2] [3] [4] . Pulse stabilization could be used for the development of light sources in applications such as: spectroscopy, metrology, medicine, dermatology and skin treatment like tattoo removal, port wine stain treatment, industrial processes like laser shock peening and laser ablation [5] [6] [7] [8] [9] [10] . The PQS lasers, likewise continuous wave (CW) lasers can undergo the self-pulsation phenomenon. The selfpulsation is caused by the augmenting of the photons into the cavity and the gain rising in the active medium (AM) that exceed the steady state value. Ideally when the pulse repetition rate is stabilized, it should be responding piecewise linear to the pump power (Pp) [11] . The dynamics of this type of lasers has been studied in several works [12] [13] [14] that deal with the generation of pulses and the effects of the AM, as well as the possibility to control it [15, 16] .
One of the first studies on pump modulation can be found in [17] . This study focused on finding an alternative approach to generate regular pulses. Recently, the application of pump modulation has been studied in different laser media like CO 2 lasers [18] [19] [20] , fiber lasers [21] [22] [23] [24] and semiconductors [25] [26] [27] . These studies focussed not only on the stabilization of regular pulses, but also on chaos annihilation [28] , controlling coexisting states [29, 30] and emergence of extreme events in laser [31, 32] . Particularly, the spatio-temporal chaotic stage of a GdVO 4 /Cr:YAG laser has been studied in [33] and the pump modulation was also reported in [31] , but not for Nd:YVO 4 /Cr:YAG lasers.
The aim of the present study is to investigate in PQS Nd: YVO 4 / Cr:YAG laser the relationship between the control parameters of the pump modulation and the establishment of phase locking regimes for its application as a light source. For example in stimulated Raman scattering (SRS) spectroscopy, where a small change of the probe intensity by the laser pump is measured as stimulated Raman gain [34] [35] [36] [37] or in optical metrology, where the experimental mechanic displacements are estimated as a frequency response using stroboscopic lighting [38, 39] .
Mathematical model
The dynamics of the PQS laser [11] is governed by the following rate equations:
(1)
where the variables are defined as follows: F a is the average photon density inside the cavity, N a is the population inversion in AM, and n s i ( ) , the ground state populations of the + Cr 4 ions of the i-orientation relatively to the YAG lattice ( = M 3). The respective parameters are: ; the parameters not listed above can be found in Villafana-Rauda [11] . With = θ 0 (for matching the AM polarization axis and one group of + Cr 4 ions), the third axis orthogonal to the polarization inside the cavity and considering the expansion of index i with the third group of + Cr 4 ions; we obtain the following set of equations:
with pump modulation:
where m 0 is the pump power, the coefficients of the Eqs. (5)- (8) are listed in Table 1 , The Eqs. (5)- (8) describe the laser dynamics without considering harmonic modulation. To introduce external modulation to the model, we added the following pump term:
where A c is the depth modulation and f c is the control frequency (external). When A c is set to zero, we have the pump without modulation as shown in Eq. (9).
Numerical results
We solve numerically Eqs. (5)- (8) . 1 , where N is the number of pulses and t i is the temporal position; here the laser exhibits the Q-switching regime resulting from the presence of the saturable absorber (SA). In Fig. [1(a) ] we show the peaks of F a , the maximum observed contribution is at = m 4.8 o W, this is due to the maximum rate of change of the SA transmittance. Fig. 1(b) shows the increase in frequency of the repetition rate. Notice that according to fitting lines we have two inflection points; this generates three different growth rates [11] .
Under periodic modulation ( > A 0 c ), two frequencies compete, the repetition rate ( f r ) and the control frequency ( f c ). These frequencies produce a detuning factor ( = − δ f f c r ), that depends on the amplitude of the external modulation [24] ; for simplicity we considered a 100% of depth modulation ( = A 1 c ). Examples of phase locking rates are shown in [Fig. 2] ; the regime is characterized by the relation p q : , where p and q are two integer numbers equivalent to the number of periods of each signal; in our case: p corresponded to the external modulation and q to the average photon density.
Considering the nontrivial dependent detuning, we constructed the state diagrams to determine the phase locking regimes for the control parameters, and it is shown in [Fig. 3(a) ]. We can distinguish the Arnold tongue regions, characterized by phase locking between the control frequency and the repetition rate. Fig. 3(b) is the standard deviation of peaks of the photon density; where warm colors indicate the maximum deviation and cool colors; otherwise. Several phase locking regimes can also be found in [ Fig. 3(a) ]; black zone corresponds to a region characterized by low frequency repetition rate (LFR, [Fig. 2(a) Fig. 2(b) ]. OMR ocurred during the pump modulation as a result of a low frequency modulating signal, while for the rest of each cycle we obtained a few laser pulses, and the absence of pulses. We investigated the ratios that allow using the laser as a variable light source; for example, the relation 1: 1 [ Fig. 2(e) ] indicates that the repetition rate has the same frequency that the control modulation; the relation 2: 1 [ Fig. 2(d) ] indicates that the repetition rate is f /2 c . In the case of compound relation; for example 3: 2, indicates the transition from the ratio 1: 1 to 2: 1 [ Fig. 2(c) ], so two states can be found in the same time series. The fraction of the time corresponding to each state depends crucially on the size of the attraction basins that also gives us an idea of the stability of the regime [40, 41] . Using the standard deviation, we can detect the times series complexity; the zone in the map [ Fig. 3(a) ] with slash white represents the zone where can be found the minimum standard deviation which can be related to periodic time series, otherwise for = f 100 c kHz and = m 15 0 we can find the zone of maximum standard deviation, that is related with chaotic regime. Fig. 4 shows the bifurcation diagrams of the photon density peaks varying the control frequency [ Fig. 4(a) ] and the pump power [ Fig. 4(b) ]. In [ Fig. 4(a) ], the value of the pump power was set to 15 W the value for which there was the greatest number of transitions between states, generating a pulse repetition frequency close to 220 kHz. In this case, the control frequency was varied from 1 kHz to 1 MHz with 20 different initial conditions for each point. [ Fig. 3(b) ] depicts the chaotic regions showing how these regions are related to the transitions of warm to cold colors. It is also possible to verify the relationship with the sub-harmonic and harmonic frequencies that give rise to the phase locking. Another interesting feature is the coexistence of regimes. The presence of this feature suggests the possibility to study the control of coexisting states by external modulation, besides producing phase locking only using the harmonics of the repetition rates. This presents an advantage for experimental cases where fluctuations are expected in frequency and amplitude. The control of systems with a dominant frequency by means of an external modulation signal is a topic of interest, since it allows the stabilization of different states, an issue that can be prominent in technological applications where huge laser pulses are required. It may also find important applications in medicine, e.g. for designing pacemaker to stabilize the cardiac rhythm at a desired frequency [41, 42] . In the case of [ Fig. 4(b) ], the control frequency remains fixed at 500 kHz (greatest number of transitions between states) and, the pump power is varied from 0 to 30 W. For this case something similar happens, the relationship between the repetition rate frequency and the control frequency allows the phase locking and the appearance of coexisting states. In addition, as expected, by keeping the control frequency fixed and varying the pump power, more phase locking Table 1 Coefficients of the laser model used in the simulation. kHz and the coexisting states are 3: 1 and 7: 2. In the basins it is possible to see the region that each phase locking occupies in the section of initials conditions. The volume of each attractor is related to the probability of emergence.
Conclusion
We study numerically the relationship between the control parameters of the pump modulation and the establishment of phase locking regimes in a PQS Nd: YVO 4 / Cr:YAG laser with harmonic dependence. The state diagrams obtained for the photonic density showed different regions characterized by LFR, OMR, and phase locking rates induced by varying the control frequency and pump power. The region with minimum standard deviation is related to periodic time series, and the maximum standard deviation is related with chaotic or intermittent regimes.
The relationship between the repetition rate frequency, and the control frequency allows the stabilization of the phase locking and the emergence of coexisting and intermittent states. For the intermittent states, the fraction of the time spent in each state depended crucially on the size of the attraction basin, which gives an idea of the stability of the regime, while the volume of each attractor is related to the probability of emergence.
These results can be extrapolated in the analysis of resonant systems, where the value of the fundamental characteristic frequency has small deviations in time; this displacement and the f c allow the establishment of the phase locking. This phenomenon can be observed in chaotic systems, pulsed lasers, chemical reactions, and so on.
